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Abstract
A covariant description of quantum matter fields in the early universe underpins models for the
origin of species, e.g. baryogenesis and dark matter production. In nearly all cases the relevant
cosmological observables are computed in a general approximation, via the standard irreducible
representations found in the operator formalism of particle physics, where intricacies related to a
renormalized stress-energy tensor in a non-stationary spacetime are ignored. Models of the early
universe also include a dense environment of quantum fields where far-from-equilibrium interac-
tions manifest expressions for observables with substantive corrections to the leading terms. An
alternate treatment of these cosmological observables may be carried out within the framework
of algebraic quantum field theory in curved spacetime, where the field theoretic model of quan-
tum matter is compatible with the classical effects of general relativity. Here, we take the first
step towards computing such an observable. We employ the algebraic formalism while considering
far-from-equilibrium interactions in a dense environment under the influence of a classical, yet
non-stationary, spacetime to derive an expression for the perturbed energy density as a component
of the renormalized stress-energy tensor associated with common proposals for quantum matter
production in the early universe.
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I. INTRODUCTION
A covariant description of quantum matter fields in the dynamical spacetime of the early
universe is essential to proposals for models of baryogenesis and dark matter production.
Calculation of cosmological observables involving the interactions of these fields are usu-
ally carried out at tree-level in the standard particle physics approach to quantum field
theory, i.e. classical Boltzmann equations augmented with thermally averaged S-matrix
derived interaction rates quantifying particle production in a covariant generalization of a
non-stationary spacetime background (see Refs. [1, 2] for a pedagogical treatment of the
standard quatum formulation of kinetic theory in a cosmological setting). However, in a
non-stationary Friedmann–Robertson–Walker (FRW) spacetime the lack of time-translation
symmetry, among other concerns, makes the applicability of the particle approach during
periods of rapid expansion suspect, e.g. there is no notion of a global or preferred vacuum
state serving as a basis of the Fock space formulation (see Refs. [3, 4] for detailed treatment
of the strengths and weaknesses of the operator formulation of quantum fields in curved
spacetime). In addition, the current paradigm of modeling the origins of observed inhomo-
geneity of the universe as well as the observed matter content today presupposes that during
some earlier period all quantum fields participated in both near and far from equilibrium
interactions with respect to a thermal plasma where the standard quantum formalism, as
found in Refs. [5, 6] for instance, can gives rise to appreciable loop-level corrections to the
aforementioned interaction rates [7–11].
An alternate treatment may be carried out within the algebraic formulation of locally
covariant quantum field theory as presented, for example, in Ref. [12] (see Refs. [13, 14]
for a general introduction to the algebraic approach in the context of curved spacetime).
This mathematically rigorous formalism is in general useful for clarifying conceptual issues
related to and/or providing a foundation for the calculation of observables with traditionally
heuristic justifications. In this work, however, we propose a non-traditional application of
the formalism inspired by numerical calculations such as those found in Refs. [15, 16] where
algebraic quantum field theory is employed in computing and characterizing the energy
density of a free scalar field propagating in a non-stationary FRW spacetime. In other words,
we seek to employ the established algebraic formalism in a concrete numerical calculation of
a cosmological observable and not in the traditional pursuit of a rigorous proof of theorem.
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Though this numerical calculation may be computationally expensive, as compared to the
standard formalism, meeting the requirement that cosmological observables be compatible
with the semiclassical Einstein equation; i.e. the stress-energy tensor is the expectation
value of a quantum state back-reacting on the metric of general relativity, would seem to
justify the cost [17–20].
In the algebraic framework finite time intervals are essential to formulating the physical
states of interest in FRW spacetimes given the following considerations: (1) time translation
invariance does not allow for a unitary, one parameter group of time shift automorphisms on
the algebra of observables, hence a two parameter family of automorphisms is required [21,
22], (2) gravitationally induced excitations of quantum matter fields generally accompany
non-stationary spacetimes [23, 24] where the quantum energy densities are only bound from
below when smeared along a timelike curve [25, 26] such that ground states are defined as
states of minimal smeared energy along a finite worldline of an isotropic observer [27, 28],
(3) observables related to perturbative quantum interactions are generally defined by an
algebra generated by a time averaged perturbation in an arbitrarily small yet finite time slice
[29]. Furthermore, the usual notions of thermal equilibrium and non-equilibrium dynamics
become somewhat ambiguous in FRW spacetimes. For example, the work in Refs. [30–32]
suggests observables computed in a manner consistent with the standard formulation of
thermal field theory in Minkowski spacetime may serve only as a reference for the properties
of the observed state.
Hence, we take the first step towards probing for corrections to the standard particle
physics approach by deriving an expression, via algebraic quantum field theory in curved
spacetime, that is at least in principle amenable to numerical calculation, for the renor-
malized energy density of a free scalar field subjected during a finite time interval to the
influence of a perturbative interaction while propagating in a classical yet non-stationary
FRW spacetime. In order to derive this expression for the energy density we must begin
with the general evolution of the algebraic state over a finite time interval. As there is no
full Poincare´ invariance present in our cosmological model, we make use of a two-parameter
family of propagators, including a time averaged perturbative interaction, resulting in a
method analogous to the Schwinger–Keldysh closed-time-path [33, 34], however extended to
non-stationary spacetimes. The state will then encode both the influence of the perturbative
interactions as well as renormalization constraints and ambiguities developed in the litera-
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ture cited above. To this end we allocate Sec. II to the development of a general algebraic
model of neutral scalars in which we assume a ΛCDM cosmology with an initial period of
inflation per the results found in Refs. [35, 36]. In Sec. III, we derive Eq. (87) as the
main result of this work; i.e. the general form of the expectation value of the renormalized
quantum energy density given the influence, during a finite interval of cosmological time, of
perturbative quantum interactions and a non-stationary spacetime background. We include
in this section an analysis of a cubic interaction as a concrete example. Finally, we discuss
this result and future works in Sec. IV.
II. GENERAL MODEL IN THE ALGEBRAIC FORMALISM
We consider a theory of a neutral scalar φ(xµ) on a globally hyperbolic spacetime (MΣ,g),
i.e. a Loretnzian manifold M with Cauchy surface Σ and metric g, via the classical free
Lagrangian
L0 = −1
2
(
gµν∇µφ∇νφ+m2φ2 + ξRφ2
)
(1)
given R as the Ricci scalar on MΣ, m as the field’s mass, and ξ its coupling to gravity.
Canonical quantization is realized by constructing the Borchers–Uhlmann algebra, a topo-
logical ∗-algebra (with unit) defined as
A(MΣ,g) := A0(MΣ,g)/I(MΣ,g) (2)
where A0(MΣ,g) =
⊕∞
n=0D(MnΣ) given D(M0Σ) = C, is the free tensor algebra over
D(MΣ) as the space of smooth compactly supported densities f(xµ) onMΣ and I(MΣ,g)
the ∗-ideal. The free field φ(xµ) is henceforth denoted by the formal symbol Ax. The
smeared fields
A(f) =
∫
MΣ
dµg f(xµ)Ax, (3)
where dµg is the measure on MΣ, generate the algebra A(MΣ,g) such that f → A(f) is
R–linear and
A(f)∗ = A(f) (4)
[A(f), A(g)] = iE(f, g) (5)
A(K̂f) = 0 (6)
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∀f, g ∈ D(MΣ) and A(f), A(g) ∈ A(MΣ,g); while I(MΣ,g) is generated by elements
including K̂f and the causal propagator E := E>−E< defined via the unique advanced(>)
and retarded(<) fundamental solutions of the Klein–Gordon operator
K̂ = (g +m2 + ξR). (7)
Here,MΣ := R×Σ0 is a spatially flat FRW spacetime with metric written in the familiar
form
ds2 = dt2 − a2tdΣ20, (8)
such that
g = ∂2t + 3Ht∂t +
∇2Σ
a2t
(9)
and
R = 6
(
a¨t
at
+
a˙2t
a2t
)
(10)
given a : R→ R as the scale factor and Ht := a˙t/at as the Hubble parameter. We pass to
conformal time η via the relation
dt = atdη (11)
where the metric becomes
ds2 = a2t [dη
2 − dΣ20]. (12)
and the Klein–Gordon operator of Eq. (7) is rewritten as
K̂η =
1
a2t
[
∂2η − ~∇2 + a2tm2 + a2t
(
ξ − 1
6
)
R
]
(13)
This transformation allows for the expansion of the domain of at into (−∞, η0) with an
asymptotically de Sitter (dS) spacetime (M˜Σ, g˜) where g˜ = (Ω/at)2g, given Ω : MΣ → R+,
such that at = exp (HΛt ) for η ∈ [−∞, η0] corresponds to an early period of inflation with
HΛ a constant. M˜Σ then contains a cosmological past horizon J− as a boundary, i.e. a
smooth geodescially complete hypersurface diffeomorphic to R × S2 at η → −∞, with
coordinates (v = t+ r, θ, φ) and metric of Bondi form
d˜s
2|J− = 2dΩdv + dS2. (14)
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A. Homogeneous and Isotropic States
The algebraic states ω : A → C, where ω(A∗A) ≥ 0 and ω(1) = 1 ∀A ∈ A define the
n−point functions ω(A1A2...An). In the case of quasifree states, i.e. the Gaussian states
ω(A1A2...An) =

∑
X
∏
{i,j}∈X ω(AiAj) n even
0 n odd
(15)
X ≡ the set of all possible parings {i, j} where i < j,
we require the two–point function ω(AiAj) be of the physically admissible Hadamard form
ω(AxAy) = lim
↓0
1
8pi2
[
U(xµ, yµ)
σ(xµ, yµ)
+ V (xµ, yµ) log
(
σ(xµ, yµ)
L2
)
+ F (xµ, yµ)
]
(16)
where the functions U , V , and F are smooth real–valued bi-distributions and
σ(xµ, yµ) ≡ σ(xµ, yµ) + 2i[τ(xµ)− τ(yµ)] + 2, (17)
with σ(xµ, yµ) the signed squared geodesic distance; while τ : MΣ → R is an arbitrary
time function, and L the length scale. This allows us to extend the factored ∗-algebra
to W(MΣ,g) such that A(MΣ,g) ⊂ W(MΣ,g) where renormalization up to mass and
curvature ambiguities is carried out by local and covariant Hadamard point-splitting regu-
larization, i.e. Wick products are defined in the coincidence limit
ω(: A2x :) := lim
y→x
[ω(AxAy)−H(xµ, yµ)] (18)
given the purely geometric Hadamard parametrix H(xµ, yµ) as the first two terms in Eq.
(16) and
ω(: An(f) :) :=
∫
MnΣ
n∏
i=1
dµg(xi) f(x1)δ(x1, x2, ...xn) : A1A2...An : . (19)
Hence, the time ordered products necessary to define perturbative interactions as well as
prove the spin-statistics and CPT theorems allow for reliable cosmological observables [20,
37–40].
Following the formulation of Ref. [24] with explicit constructions found in Ref. [41] the
symmetric part,
ωs(A(f)A(g)) :=
1
2
[
ω(A(f)A(g)) + ω(A(g)A(f))
]
, (20)
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of a quasifree homogeneous and isotropic states in FRW spacetimes is expressed
ωs(A(f)A(g)) =
∫
d3k
∫
dηx
∫
dηy X~k
{
X~k(ηx)X~k(ηy) +X~k(ηx)X~k(ηy)
}
fˆ~k(ηx)gˆ~k(ηy)
(21)
with, for example,
fˆ~k(ηx) =
∫
d3x
(2pi)3/2
f(ηx, ~x) exp(−i~k · ~x) (22)
as the spatial Fourier transform. The mode functions X~k(η) satisfy
X~k(η)X~k(η)
′ −X~k(η)
′
X~k(η) = i (23)
given X~k(η)
′ as the derivative with respect to η. Members of the set of unitarily equivalent
mode functions satisfying Eq. (23) are expressed as a Bogoliubov transformation such that
X~k(η) = p~k T~k(η) + q~k T~k(η) (24)
with |p~k|2 − |q~k|2 = 1 and T~k(η) an arbitrary reference mode that satisfies the time portion
of K̂η T~k(η) = 0. Here, X~k ≥ 1/2 is polynomially bounded in k such that equality obtains
the pure state while inequality corresponds to the generic mixed state, i.e. the convex
combination
ωs(A(f)A(g)) =
∑
n
λn ω
s
n; λn ≥ 0,
∑
n
λn = 1 (25)
of at least two other mixed states ωsi and ω
s
j such that ω
s
i 6= ωsj . Crucially, in the sense of
distributions, we may restrict the free field state to a Cauchy surface of constant conformal
time η such that Eq. (21) becomes
ωsη(A(f)A(g)) = 2
∫
d3k X~k |X~k(η)|2 fˆ~k gˆ~k. (26)
Given the fields in our model are real scalers, there is a Gel’fand–Naimark–Segal (GNS)–
representation piω : A → T (D), where T (D) is the Banach space of linear operators on a
dense domain D of the Hilbert space Hω, with cyclic vector Ωω ∈ D ⊂ Hω such that
ω(A) = 〈Ω|piω(A)|Ω〉 , (27)
where the irreducible representations piω(A) are in one-to-one correspondence with the pure
algebraic states and contain the usual annihilation and creation operators over D as the
bosonic Fock space over the one–particle space H(1)ω . However, for more robust models
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that include interacting fields of perturbative Yang–Mills theory in a general non-stationary
spacetime; an equivalent correspondence with ±-helicity one-particle states of the electro-
magnetic field is not possible [14, 38]. Hence, we continue in the algebraic framework without
regard to a Hilbert space representation.
B. Ground States as States of Low Energy
We now propose generalized ground states from states of low energy (SLE) as put forward
in Ref. [27] with explicit constructions in FRW spacetimes found in Refs. [15, 16]. Here, we
focus on a massive minimally coupled, i.e. ξ = 0, free scalar field. We remind the reader that
the cosmological observables of interest is the expectation value of the smeared quantum
energy density
EA(f) := ω( T00(: A
2(f) :) ) (28)
consistent with the local and covariant semiclassical Einstein equation
Rµν(xµ)− 1
2
R gµν(xµ) = −8piG ω
(
Tµν(: A
2
x :)
)
(29)
where Rµν is the Ricci tensor, G is Newton’s constant, and ω( Tµν(: A
2
x :) ) is interpreted as
the expectation value of the free field stress–energy tensor Tµν corresponding to the quantum
matter field Ax. Though quantum energy densities restricted to a point are not bound from
below [25], those smeared along the worldline of an isotropic observer in FRW spacetimes
do have a lower bound when Hadamard states are consider [26].
SLE are then the quasifree pure homogeneous and isotropic states specified by mode
functions that minimize the energy density per mode
E~k(η) =
1
2a4t (2pi)
3
(
|X ′~k(η)|2 − atHt(|X~k(η)|2)′
+ (k2 + a2tm
2 + a2tH
2
t )|X~k(η)|2
)
(30)
via the Bogoliubov coefficients of Eq. (24) such that
p~k = exp
(
i[pi − arg c2(~k)]
)√√√√ c1(~k)
2
√
c21(
~k)− |c2(~k)|2
+
1
2
(31)
q~k =
√√√√ c1(~k)
2
√
c21(
~k)− |c2(~k)|2
− 1
2
(32)
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where, for a comoving observer,
c1(~k) :=
1
2
∫ tf
ti
dt f 2(t)
{
|X ′~k(η)|2 − atHt(|X~k(η)|2)′
+ (k2 + a2tm
2 + a2tH
2
t )|X~k(η)|2
}
(33)
and
c2(~k) :=
1
2
∫ tf
ti
dt f 2(t)
{
X ′2~k (η)− atHt[X2~k(η)]′
+ (k2 + a2tm
2 + a2tH
2
t )X~k(η)
2
}
. (34)
Convolution with the compactly supported function f(t) is then taken over a finite interval
of cosmological time, i.e. ti, tf ∈ It ⊂ R. In what follows we take as our reference
T~k(η) :=
1√
2Ω~k(η)
exp
(
− i
∫ η
η0
dη¯ Ω~k(η¯)
)
. (35)
where
Ω~k(η¯) =
√
~k2 + a2tm
2 − a2tR/6 (36)
such that as we approach the asymptotically dS spacetime M˜Σ
lim
η→−∞
T~k(η) =
1√
2k
exp(−ikη) (37)
gives the Bunch–Davies vacuum. This is consistent with a bulk–to–boundary correspondence
via the injective ∗−homomorphism αf : A(M˜Σ)→ A(J−) in order to construct an induced
Hadamard ground state, i.e. Bunch–Davies, on the bulk FRW spacetime [42, 43].
C. Excited States as Generalized Hadamard States
The formulation of a generalized free field state in the algebraic framework,
ωB(AxAy) :=
ω(BxAxAyBy)
ω(BxBy)
(38)
follows from a generalized Hadamard condition such that any finite excitation of a free field
Hadamard state is itself a Hadamard state [44]. For example, in Minkowski spacetime the
free field Kubo–Martin–Schwinger (KMS) state is indeed Hadamard and invariant under the
∗−automorphisms αt such that, given the global temperature parameter β−1,
ω( αt(A(f))A(g) ) = ω( A(g)αt−iβ(A(f)) ) (39)
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where
αt(A(f)) := A( f(τ
−1
0 (xµ)) ) (40)
for τ0 : xµ 7→ xµ + t ~e0 with ~e0 a timelike unit vector. We direct the reader to Refs. [45, 46]
for a rigorous and extensive treatment of both the vacuum and the thermal KMS state,
constructed at a finite time in a Hamiltonian approach to perturbative algebraic quantum
field theory in Minkowski spacetime via a distinguished time-direction using a one-parameter
group of automorphisms αt, where the interacting dynamics are related to free dynamics by
a co-cycle in the algebra of the free field; for a similar treatment of non-equilibrium steady
states see Ref. [47]. However, in FRW spacetimes there is no time translation invariance
and hence no abelian one-parameter group of automorphisms αt implemented as unitary
operators on a corresponding Fock space [25], i.e. there is no well defined Hamiltonian as
the generator of time translations and no strict notion of local thermal equilibrium in non-
stationary spacetimes. This has led to several innovative and interesting frameworks, e.g.
the Almost Equilibrium States of Ref. [48], Local Sx Thermal Equilibrium States found in
Refs. [30, 41], and the Bulk-to-Boundary Approximate KMS States in Ref. [49].
In this work, we invoke the notion of a propagator-family [21, 22] as a non-commutative
two-parameter family of automorphisms αt,s such that αt,r = αt,s ◦ αs,r and the following
group automorphism properties are imposed to ensure the dynamics are consistent with a
causal propagator:
αt,t = 1 (41)
α−1t,s = αs,t (42)
αt,s(AtBt) = αt,s(At) αt,s(Bt). (43)
We define the evolution of the state via the composition
ωt(A) := ωs(A) ◦ βs,t = ω( αt,s(As) ) (44)
where βr,t = βr,s ◦ βs,t. The infinitesimal generators of time shifts are then defined via the
relations
α˙t,s = dt ◦ αt,s (45)
β˙s,t = βs,t ◦ δt (46)
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where
dt : = lim
∆t→0
αt+∆t,t − αt,t
∆t
(47)
δt : = lim
∆t→0
βt,t+∆t − βt,t
∆t
(48)
such that
α˙t,s(AsBs) = α˙t,s(As)Bt + At α˙t,s(Bs). (49)
We may not equate Eq. (47) with the Heisenberg equation of motion in non-stationary
spacetimes; however, we may define a generator of a perturbed time shift via the relation
δPt (A) := [iPt, A] (50)
given
β˙Ps,t = β
P
s,t ◦ (δt + δPt ). (51)
with βPt,t = 1 and time dependent perturbation Pt. Hence, we let
βPti,tf (Ati) := U(tf , ti)
−1βti,tf (Ati) U(tf , ti) (52)
where
U(tf , ti) := T
[
exp
(
− i
∫ tf
ti
dt βs,t(Ps)
)]
(53)
with T[...] as the time ordered product and U(tf , ti)
−1 := U(ti, tf ) such that
ωPtf (A) := ω( β
P
ti,tf
(Ati) ) = ω( αtf ,ti(Ati) ) ◦ γti,tf (54)
given γti,tf := Ad U(tf , ti)
−1. The generalized excited state may now be written as
ωPtf (AA) =
ω( βPtf ,ti(AtiAti) )
ω( βPtf ,ti(1) )
=
ω( αtf ,ti(Ati) αtf ,ti(Ati) ) ◦ γti,tf
ω(1) ◦ γti,tf
. (55)
D. Excited States via Generalized Perturbative Interactions
We begin with the classical Lagrangian L = L0 +LI given an interaction term of the
general form
LI := −
∑
i
κiΦi, (56)
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where κi as a perturbative coupling parameter and Φi as any polynomial in the field φ.
Interacting time ordered products as elements of the free field algebra are in general expressed
via Bogoliubov’s formula
T
[ m∏
i=1
∫
dµi fiΦi
]
=
∑
n
in
n!
Rn
[ m∏
i=1
∫
dµi fiΦi;
∫
dµ θL ⊗nI
]
, (57)
where Rn[...] is the retarded product to order n, as defined in Sec. 4.1 of ref [20] and
θ ∈ D(Mg) a smooth function of compact support. This is of course a well studied pertur-
bative power series with no expectation of convergence and we do not rigorously prove the
existence of Pt here. Instead, we invoke the axioms and analysis of Ref. [20] such that if the
perturbative quantum field theory satisfies the field equations in the presence of an arbitrary
classical current source J(xµ) we may at least rely on Wick polynomials W
J ∈ W(MΣ,g, J)
as self-interactions in the form of an arbitrary but finite nth order perturbative correction
to φ and more generally on the existence of time ordered products and a conserved stress-
energy tensor. Hence, we follow Ref. [20] in constructing an interacting theory with LI
given by the very general, yet nontrivial, classical interaction Lagrangian
LI = −J(xµ)φ(xµ). (58)
The interacting quantum theory, now generated by elements ofW(MΣ,g, J), is constructed
such that eqs. (4) and (5) remain satisfied by the sourced AJ(f) and W(MΣ,g, J) →
W(MΣ,g) via the relation
AJ(K̂f) =
∫
dµg f(xµ)J(xµ) · 1 (59)
where Eq. (6) is recovered in the case of a vanishing source.
In order to derive a general expression for the excited state ωPtf (A
J(f)AJ(g)) we express
the time averaged perturbation as
Ptf = κ
∫ tf
ti
dtu
∫
d3u θ(tu, ~u)W
J
u (60)
with θ(tu, ~u) = h(tu)ψ(~u) such that the adiabatic limit corresponds to the constant function
ψ(~u) = 1 on supp f ⊂M(It)Σ = {(tu, ~u)| ti < tu < tf}. (61)
Hence,
U(tf , ti) = 1− iκ
∫ tf
ti
dtu
∫
d3u h(tu)W
J
u (62)
− κ
2
2
∫ tf
ti
dtu
∫ tf
ti
dtv
∫
d3u
∫
d3v h(tu)h(tv) T
[
W JuW
J
v
]
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truncated to second order in κ. The perturbed state ωPtf (AA) of Eq. (55), rewritten as
ωPtf (A
J(f)AJ(g)) =
ω
(
U−1(ti, tf ) AJ(f)JA(g) U(ti, tf )
)
ω
(
U−1(ti, tf ) 1 U(ti, tf )
) ,
(63)
may now be expressed
ωPtf (A
J(f)AJ(g)) =
{
ω(AJ(f)AJ(g)) + ω
(
κ2
2
∫ tf
ti
dtu
∫
d3u
∫ tf
ti
dtv
∫
d3v h(tu)h(tv)
[
T[W Ju ] A
J(f) AJ(g) T[W Jv ]− AJ(f) AJ(g) T[W Ju W Jv ]
+ T[W Ju ] A
J(f) AJ(g) T[W Jv ]− T[W Ju W Jv ] AJ(f) AJ(g)
]) }
×
{
ω(1) + ω
(
κ2
2
∫ tf
ti
dtu
∫
d3u
∫ tf
ti
dtv
∫
d3v h(tu)h(tv)
[
T[W Ju ] T[W
J
v ]− T[W Ju W Jv ] + T[W Ju ] T[W Jv ]− T[W Ju W Jv ]
])}−1
(64)
or
ωPtf (A(f)A(g)) = Zω
{
ωtf (A(f)A(g))
+ ω
(
κ2
2
∫ tf
ti
dtx
∫
d3x
∫ tf
ti
dtu
∫
d3u
∫ tf
ti
dtv
∫
d3v
∫ tf
ti
dty
∫
d3y
[
f(tx, ~x)h(tu)h(tv)g(ty, ~y)
(
W−u A
−
xA
+
yW
+
v − A−xA+yW+u W+v +W−v A−xA+yW+u −W−v W−u A−xA+y
))]}
(65)
where
Zω := 1 − ωtf
(
κ2
2
∫ tf
ti
dtu
∫
d3u
∫ tf
ti
dtv
∫
d3v h(tu)g(tv)
[
W−u W
+
v −W+u W+v +W−v W+u −W−v W−u
])
(66)
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FIG. 1: Closed–time–path evolution for the finite macroscopic cosmological time interval ti, tf ∈ It, given
ti < tv < tu < tf on the forward(+) branch tf < tu < tv < ti on the backward(-) branch.
is a state dependent normalization factor. Here, we replace the superscript J of the sourced
field with the time-ordering index ± corresponding to the forward(+) and backward(-)
branch of the closed-time-path depicted in Fig. 1. In addition, we relabel AJx as A
−
x and A
J
y
as A+y to denote that no point xµ ∈ supp f(xµ) is in the past of yµ ∈ supp g(yµ). This is
equivalent to the Schwinger–Keldysh “in–in” formalism and hence appropriate for far-from-
equilibrium interactions. Notably, the CPT theorem in FRW spacetimes relates an in-state
in an expanding universe to an in-state in the corresponding contracting universe [40]. We
also note that both the excitation and the perturbative portion of the normalization factor,
i.e. the terms proportional to κ2, are finite via the properties of Hadamard states.
Equivalently, we may write the symmetric part of the perturbed state as a homogeneous
and isotropic quasifree state restricted to the Cauchy surface Σt
ωS,Pt (A(f)A(g)) = 8pi
∫
dk k2 XPt~k |X~k(t)|
2 fˆ~k gˆ~k (67)
for all t > tf where, for example, the source J(xµ) vanishes for t /∈ It. Here, XPt~k is now the
polynomialy bounded function perturbed via the generator Pt and X~k(t) the mode functions
defined in Eq. (24), such that
XPt~k = Zω
[
X0~k + κ
2 ωt
(
D̂k
[ ∫ t
ti
dtx
∫
d3x
∫ tf
ti
dtu
∫
d3u
∫ tf
ti
dtv
∫
d3v
∫ t
ti
dty
∫
d3y
{
f(tx, ~x)g(ty, ~y)h(tu)h(tv)
×
[
W−u A
−
xA
+
yW
+
v − A−xA+yW+u W+v +W−v A−xA+yW+u −W−v W−u A−xA+y
]})]
(68)
given X0~k as the polynomially bounded function, as defined in Eq. (21), for the state
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ω0(A(f)A(g)) specified at the time ti and the differential operator D̂k defined as
D̂k :=
(
8pi k2 |X~k(t)|2 fˆ~k gˆ~k
)−1
d
dk
. (69)
III. RENORMALIZED ENERGY DENSITY FROM THE ALGEBRAIC STATE
Following the formulations and results in Refs. [15, 16, 41], we now review the expectation
value of the energy density of a minimally coupled, i.e. ξ = 0, free scalar field in an arbitrary
mixed state propagating in a non-stationary FRW spacetime background. We begin with
the expectation value of the renormalized stress-energy tensor, taken in the free field limit
at a finite a cosmological time t > tf and restricted to the total diagonal such that
ω( Tµν(: A
2
x :) ) =
{
ωS,P
(
D̂x,y[AxAy]
)
− D̂x,yHs1(xµ, yµ) +
1
3
K̂x H
s
1(xµ, yµ) + Cµν(xµ)
}∣∣∣∣
xµ = yµ
.
(70)
Here, the bi–differential operator D̂ is defined
D̂a,b :=
1
2
(
∂
∂a0
∂
∂b0
+
1
a2t
∇a∇b +m2
)
(71)
and the purely geometric Hadamard parametrix is expressed
Hn(xµ, yµ) = lim
↓0
1
4pi2
[
1
σ(xµ, yµ)
+
1
L2
n∑
m=1
Vm
(
σ(xµ, yµ)
L2
)m
log
(
σ(xµ, yµ)
L2
) ]
, (72)
where Vm satisfies the so called Hadamard recursion relations (see e.g. Ref. [41]).
H
s
1(xµ, yµ) :=
1
2
(
H1(xµ, yµ) +H1(yµ, xµ)
)
(73)
is then the symmetric Hadamard bi–distribution truncated to order n = 1 where
V1 = −1
3
K̂xH
s
1(xµ, yµ) (74)
and Cµν(xµ) carries the renormalization freedom of Wick products contained in a conserved
stress-energy tensor.
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A. General Form from the Perturbed Stated
The renormalized energy density of the perturbed state, taken in the free field limit for
η(t) > ηf , is found via the restriction of the stress-energy tensor; first to the partial diagonal
ηx = ηy = η(t) then in the coincidence limit ~x = ~y such that
E
Pη(t)
A := ω
P
η(t)( T00(: A
2(f) :) ). (75)
This is a nuanced expression that we briefly explain term by term. Here,
ωP
(
D̂x,y[A(f)A(g)]
)∣∣∣∣
x=y
=
1
2pi2
∫ ∞
0
dk
{
k2 X
Pη(t)
~k
× 1
a4t
[
|X ′~k(η)|2 − atHt(|X~k(η)|2)′ + (k2 + a2tm2 + a2tH2t )|X~k(η)|2
]}
(76)
is the divergent mode integral with mode functions X~k(η) found via SLE minimized energy
density of the ground state and the polynomially bounded function X
Pη(t)
~k
determined by
the perturbation Pη(t) via Eq. (68) of the previous subsection.
D̂x,yH
s
1(f, g)|x=y =
1
4pi2
[
− 1
a4t
2
r4+
(f) +
m2 +H2t
2a2t
1
r2+
(f)
+
(
m4
16
− 2m
2H2t
16
+
2H¨tHt
16
+
6H˙tH
2
t
16
− H˙
2
t
16
)(
lo0(f) + log(a
2
t )
)
+
gR
120
+m2
(
7H2t
24
+
H˙t
4
)
− m
4
8
+
H4t
80
− 11HtH¨t
120
− 61H
2
t H˙t
120
− 19H˙
2
t
240
]
, (77)
where the singular counter–terms given by the symmetric distributions r4+, r
2
+, and lo0 are
defined via the convolutions
2
r4+
(f) := lim
→+0
∫
R3
d3x
∇f(~x)
~x2 + 2
(78)
1
r2+
(f) := lim
→+0
∫
R3
d3x
f(~x)
~x2 + 2
(79)
lo0(f) :=
∫
R3
d3x f(~x) log(~x2), (80)
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for a fixed f ∈ C∞0 (R3) are the geometric contribution of the parametrix. Here, the sum of
the singular terms may then be rewritten as a mode integral, i.e.
lim→0
1
2pi2
∫
dk k2I(k) exp(i~k · ~x) exp(−k) =
1
2pi2
{
− C−1 2
r4+
(f) + C0
1
r2+
(f) + C1lo0(f)
+4pi
∫
R3
d3x f(~x) lim
M→∞
[ ∫ M
0
dk k
(
k I(k)
−C−1k2 − C0
)
− C1
(
log(ML)− 1 + γEM
) ] }
(81)
where γEM is the Euler–Mascheroni constant and the integrand I(k) has asymptotic behavior
I(k →∞) =
1∑
m=−1
Cm
k2m+1
+O(k−5), (82)
such that the subtraction of singular terms may occur inside the mode integral of Eq. (76);
and
1
3
K̂ηH
s
1(f, g)|x=y =
1
4pi2
(
3H˙2t
40
+
...
H t
20
+
7H2t H˙t
60
+
7HtH¨t
20
−29H
4
t
60
− m
4
8
+
m2H2t
2
+
m2H˙t
4
)
. (83)
C00( η(t) ) := c1m
4g00 + c2m
2G00 + (3c3 + c4)(6H˙
2
t − 12H¨tHt − 36H˙tH2t )
(84)
allows for a renormalization freedom via the coefficients c{1,2,3,4}, which are not fixed a priori
in the theory. However, they may be constrained either by experiment or physical arguments.
This is to say that c1 and c2 correspond to a renormalization of the cosmological constant
and Newton’s constant respectively, as quantities appearing in Einstein’s equation, while
the sum (3c3 + c4) is constrained by higher order derivative corrections to the semiclassical
approximation. In this work we take the position that c{2,3,4} are not free parameters at
the length scale, L of Eq. (16), probed by current experiments that support the ΛCDM
model and we omit the afforded freedom. However, we do embrace renormalization of the
vacuum energy density where the requirement that this scheme reduces to normal ordering
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[15, 20, 39], i.e. subtraction of E 0A as the reference state in Minkowski spacetime
E 0A,ti =
1
2
∫ ∞
0
d3k
(2pi)3
{
|T~k(ti)′|2 + Ω~k|T~k(ti)|2
}
(85)
fixes c1 as a function of L such that
c1(L) m
4g00 = −
m4
32pi2
(
log(mL)− log(2)− 3
4
+ γEM
)
g00. (86)
Hence, we find as our main result the general expression for E
Pη(t)
A as the renormalized,
perturbed energy density of a massive, minimally coupled scalar field in the free field limit
to be
E
Pη(t)
A =
1
2pi2
∫ ∞
0
dk
{
k2
1
a4t
[
|X ′~k(η)|2 − atHt(|X~k(η)|2)′ + (k2 + a2tm2 + a2tH2t )|X~k(η)|2
]
× Zω
(
X0~k + ωη(t)
(∫ η(t)
ηi
dηx
∫
d3x
∫ ηf
ηi
dηu
∫
d3u
∫ ηf
ηi
dηv
∫
d3v
∫ η(t)
ηi
dηy
∫
d3y
{
f(ηx, ~x)g(ηy, ~y)h(ηu)h(ηv)
× D̂k
[
W−u A
−
xA
+
yW
+
v − A−xA+yW+u W+v +W−v A−xA+yW+u −W−v W−u A−xA+y
])∣∣∣∣
x=y
})
− k 1
2a4t
− 1
k
H2t +m
2
4a2t
− 1
k3
(
m4 − 2m2H2t + 2H¨tHt + 6H˙tH2t − H˙2t
16
)}
− m
2H2t
96pi2
− m
4(1− 4log(2))
128pi2
+
12H4t + 48H
2
t H˙t + 36H˙
2
t
96pi2
.
(87)
B. Cubic Interaction Example
As an example of a concrete realization of Eq. (87) that is in principal amenable to a
numerical calculation we choose here the perturbation Pt to be the product
Pη = κ
∫ ηf
ηi
dηu
∫
d3u θ(ηu, ~u)AuBuCc (88)
corresponding to a trilinear scalar interaction with classical Lagrangian
LI = −κφ1φ2φ3. (89)
We concede that such a product is not the self-interacting Wick polynomial Wu employed in
the previous section, however we believe this example highlights key features of the perturbed
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energy density and is thus useful. In this instance, the perturbed stated ωPη(t)(A(f)A(g))
may be written
ωPη(t)(A(f)A(g)) = Zω
{
ω0η(t)(A(f)A(g))
+ ω
(
κ2
2
∫ η(t)
ηi
dηx
∫
d3x
∫ ηf
ηi
dηu
∫
d3u
∫ ηf
ηi
dηv
∫
d3v
∫ η(t)
ηi
dηy
∫
d3y
[
f(ηx, ~x)g(ηy, ~y)h(ηu)ψ(~u)h(ηv)ψ(~v)
×
(
A−uB
−
u C
−
u A
−
xA
+
y A
+
v B
+
v C
+
v − A−xA+y A+uB+u C+u A+v B+v C+v
+ A−v B
−
v C
−
v A
−
xA
+
y A
+
uB
+
u C
+
u − A−v B−v C−v A−uB−u C−u A−xA+y
)])}
(90)
where
Zω = 1 − ω
(
κ2
2
∫ ηf
ηi
dηu
∫
d3u
∫ ηf
ηi
dηv
∫
d3v
∫
d3y
{
h(ηu)ψ(~u)h(ηv)ψ(~v)
×
[
A−uB
−
u C
−
u A
+
v B
+
v C
+
v − A+uB+u C+u A+v B+v C+v
+ A−v B
−
v C
−
v A
+
uB
+
u C
+
u − A−v B−v C−v A−uB−u C−u
]})
. (91)
Taking, as an example, the first term of order κ2 in Eq. (90), defined as ω(u−x−y+v+), we
may expand it as a homogeneous and isotropic quasifree state such that
ω(u−x−y+v+) := Zωω
(
κ2
2
∫ η(t)
ηi
dηx
∫
d3x
∫ ηf
ηi
dηu
∫
d3u
∫ ηf
ηi
dηv
∫
d3v
∫ η(t)
ηi
dηy
∫
d3y
[
f(ηx, ~x)g(ηy, ~y)h(ηu)ψ(~u)h(ηv)ψ(~v) A
−
uB
−
u C
−
u A
−
xA
+
y A
+
v B
+
v C
+
v
})
= Zω ω
(
κ2
2
∫ η(t)
ηi
dηx
∫
d3x
∫ ηf
ηi
dηu
∫
d3u
∫ ηf
ηi
dηv
∫
d3v
∫ η(t)
ηi
dηy
∫
d3y
[
f(ηx, ~x)g(ηy, ~y)h(ηu)ψ(~u)h(ηv)ψ(~v)
×
[
ω(A−uA
−
x )ω(A
+
y A
+
v )ω(B
−
u B
+
v )ω(C
−
u C
+
v )
+ ω(A−xA
+
v )ω(A
−
uA
+
y )ω(B
−
u B
+
v )ω(C
−
u C
+
v )
+ ω(A−xA
+
y )ω(A
−
uA
+
v )ω(B
−
u B
+
v )ω(C
−
u C
+
v )
]}
(92)
given the cluster property ω(AuBv) = ω(Au)ω(Bv) ∀t /∈ It. In addition, we may simplify
Eq. (92) via a cancellation of terms of the form
− ω(A(f)A(g)) κ
2
2
∫ ηf
ηi
dηu
∫
d3u
∫ ηf
ηi
dηv
∫
d3v
{
h(ηu)ψ(~u)h(ηv)ψ(~v)
×
[
ω(A−uA
+
v )ω(B
−
u B
+
v )ω(C
−
u C
+
v )
]}
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by a similar expansion of Zω where we now write
ω(u−x−y+v+) =
κ2
2
∫ η(t)
ηi
dηx
∫
d3x
∫ ηf
ηi
dηu
∫
d3u
∫ ηf
ηi
dηv
∫
d3v
∫ η(t)
ηi
dηy
∫
d3y
[
f(ηx, ~x)g(ηy, ~y)h(ηu)ψ(~u)h(ηv)ψ(~v)
×
[
ω(A−uA
−
x )ω(A
+
y A
+
v )ω(B
−
u B
+
v )ω(C
−
u C
+
v )
+ ω(A−xA
+
v )ω(A
−
uA
+
y )ω(B
−
u B
+
v )ω(C
−
u C
+
v )
]}
. (93)
Taking the limit ψ → 1 and carrying out the spatial integrals we find
ω(u−x−y+v+) =
κ2
∫
d3k
∫
d3p
∫ η(t)
ηi
dηx
∫ η(t)
ηi
dηy
∫ ηf
ηi
dηu
∫ ηf
ηi
dηv fˆ~k(ηx)gˆ~k(ηy)h(ηu)h(ηv)
{
X
η(t)
~k
(
X~k(ηx)X~k(ηu) +X~k(ηx)X~k(ηu)
)
X −+~k
(
X~k(ηv)X~k(ηy) +X~k(ηv)X~k(ηy)
)
× Y −+~p
(
Y~p(ηu)Y~p(ηv) + Y~p(ηu)Y~p(ηv)
)
Z −+~k−~p
(
Z~k−~p(ηu)Z~k−~p(ηv) + Z~k−~p(ηu)Z~k−~p(ηv)
)}
,
(94)
via the construction of the symmetric homogeneous and isotropic Hadamard states of Eq.
(21). Here, we introduce a more compact notation with the expression
ωη(t)(u
−x−y+v+) =
κ2
∫
d3k
∫ η(t)
ηi
dηx
∫ η(t)
ηi
dηy
∫ ηf
ηi
dηu
∫ ηf
ηi
dηv fˆ~k(ηx)gˆ~k(ηy)h(ηu)h(ηv)
{
X
η(t)
~k
(
X~k(ηx)X~k(ηu) +X~k(ηx)X~k(ηu)
)
X −+~k
(
X~k(ηv)X~k(ηy) +X~k(ηv)X~k(ηy)
)
G−+~k (ηu, ηv)
}
(95)
where
G−+~k (ηu, ηv) :=
∫
d3p
{
Y −+~p
(
Y~p(ηu)Y~p(ηv) + Y~p(ηu)Y~p(ηv)
)
× Z −+~k−~p
(
Z~k−~p(ηu)Z~k−~p(ηv) + Z~k−~p(ηu)Z~k−~p(ηv)
)}
. (96)
A similar treatment of the remaining terms in Eq. (90) allows the function X
Pη(t)
~k
in Eq.
21
(68) to be written as
X
Pη(t)
~k
= X0~k +
κ2
|X~k(η)|2
∫ ηf
ηi
dηu
∫ ηf
ηi
dηv
{
h(ηu)h(ηv) X
η(t)
~k
(
X~k(η)X~k(ηu) +X~k(η)X~k(ηu)
)
×
[
X −+~k
(
X~k(ηv)X~k(η) +X~k(ηv)X~k(η)
)
G−+~k (ηu, ηv)
− X ++~k
(
X~k(ηv)X~k(η) +X~k(ηv)X~k(η)
)
G++~k (ηu, ηv)
+ X +−~k
(
X~k(ηv)X~k(η) +X~k(ηv)X~k(η)
)
G+−~k (ηv, ηu)
− X −−~k
(
X~k(ηv)X~k(η) +X~k(ηv)X~k(η)
)
G−−~k (ηv, ηu)
]}
. (97)
Here, the exact form of the perturbed state first requires the form of X0~k, Y~p, and Z~k−~p.
In order to carry out a numerical calculation these functions may simply be specified to be
that of the SLE vacuum or, for example, a Bulk-to-Boundary Approximate KMS state. On
the other hand, additional interactions may be considered such that a system of coupled
equations for X0~k, Y~p, and Z~k−~p may be employed. In addition, E
Pη(t)
A , as a function of Ht,
is of course subject to the so called back–reaction problem via the semiclassical Friedmann
equation
H2t =
8piG
3
ωPt
(
T00(: A(f)
2 :)
)
. (98)
However, may still in principal carry out a concrete numerical calculation by imposing
the solution for at, i.e. we may take at to maintain a fixed form of a
(Λ)
t ∝ exp(HΛt),
a
(r)
t ∝ (t − ti)1/2, or a(m)t ∝ (t − ti)3/2 during an epoch dominated by a constant vacuum
energy(Λ), radiation(r), or matter(m) respectively.
IV. DISCUSSION
In this work we began with first principles of algebraic quantum field theory in curved
spacetime where we employed both the SLE construction of renormalizable ground states
and a two-parameter family of automorphisms, including a time averaged perturbation,
in describing the dynamics of a dense environment of interacting quantum fields in FRW
spacetimes. We then derived for the first time Eq. (87) as an expression that is in principal
amenable to a numerical calculations for the renormalized energy density of a massive, min-
imally coupled free scalar field perturbed during a finite time interval via quantum interac-
tions, including those far-from-equilibrium, while propagating in a non-stationary spacetime
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background. This algebraic expression is thus appropriate for computing cosmological ob-
servables, i.e. relic abundance calculations associated with common proposals for quantum
matter production in the early universe, in order to determine if there are disparities between
the algebraic approach and the general approximation, that are in principle experimentally
verifiable by future high-precision electromagnetic and/or gravitational-wave detectors. If
there are indeed discernible disparities they may serve to illuminate the interplay between
quantum interactions and the dynamics of classical spacetime.
An additional application of the algebraic state containing the perturbation derived in
Eq. (68) is a search for finite time and density corrections to the standard calculation of
the observable power spectrum of super-Hubble fluctuations of the proposed quantum field
responsible for inflation. Beginning with the linearized Einstein–Klein–Gordon system these
fluctuations may be quantized according to the algebraic framework. The gauge invariant
perturbations of the field, and hence the comoving curvature perturbations, may then be
given the standard treatment via the Bardeen potentials and the Mukhanov-Sasaki variable,
i.e. a Klein–Gordon field with time-dependent mass [16]. An examination of the spectrum
found via the perturbed two-point function may then be compared to that of the spectrum
computed in the Bunch–Davies vacuum state. Furthermore, corrections arising from this
perturbed algebraic calculation may be probed by a direct comparison with calculations
carried out in an effective field theory approach to the operator framework in Ref. [50]. We
leave this for future work.
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